
Flavor and Precision

Benjamín Grinstein
WIN2017

(The 26th International Workshop on Weak Interactions and Neutrinos)

June 19, 2017



Introduction
Flavor (at least this talk):

Properties of elementary particles that contain 
strange, charm or bottom quarks,

i.e., different flavors

Particularly interested in  (at least this talk):

Transitions that change flavor

Flavor?: In the absence of weak interactions 
(in the SM context: in the limit g2 = 0) 
there is a conserved quantum number for each of u, d, s, c, b, t

U(1)u ⇥ U(1)d ⇥ U(1)s ⇥ U(1)c ⇥ U(1)b ⇥ U(1)t

This is a sufficiently good symmetry that we can classify teh spectrum of elementary
particles by it – approximately. 

It is sufficiently good because the weak interactions are weak.



Weak interactions are weak not because g2 is small
but because the mediators, W and Z, are heavy compared to mu < ... < mb

Top is heavy: weak interactions are not weak

Flavor of top is still flavor and interesting, but not part of this talk

Weak interaction rates are weak: suppressed by at least

✓
g2

E

MW

◆4

. G2
Fm

4
b ⇠ 10�7

Excellent approximation: lowest order perturbation theory in weak interatcions



EFT - Effective Field Theory
Hierarchy of scales E ⌧ MW ⌧ ⇤NP

Assume New Physics (NP) is “heavy” and separates: L = LSM + LNP

At low energies (mb or below) L = LQCD+EM + Le↵
W + Le↵

NP

Le↵
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g22
M2

W

CO(x) Le↵
NP =

1

⇤2
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Generically:

• Heavy degrees of freedom (W/Z, top, NP heavy particles) “integrated out”
• Coefficients C 

• are process independent
• include short distance QCD effects (“corrections”)
• dominant QCD effect in large logs, eg, ln(µ/MW), re-summed by RG methods

• Operators O(x)
• organized by dimension; here dim = 6
• NP may introduce same or new O’s

• Caveat: NP with light states



Flavor and Precision

Generic amplitude A = GF ⇥ CKMs⇥ C ⇥ hout|O(0)|ini

• Want GF, CKMs, C
• Disentangle: Need several measurements

• Compute:
• Coefficients C: in SM, in terms of other parameters

• Obtain other parameters elsewhere (eg, mb, αs, from Υ mass)
• Matrix elements

• Process dependent
• Non-perturbative

2004 20161995



Interlude:

At this point it is standard to say…

then we use the lattice results to get non-perturbative matrix elements

… and we carry on blindly

2¢:

• Lattice results: often useful, downright of central importance
• Lattice results limited:

• Few particles (2- and 3-point functions ok, 4-pt barely)
• Small region of phase space in form factors
• Difficult: phases
• Hard to impossible: Non-local operators
• Harder(?) to Impossible: inclusive rates
• ...

Z
d

4
xT (H(x)H(0))

End interlude



Precision: strategies I

“Clean” observables

Observable independent of matrix elements

Examples:

1. CP asymmetries in mixing/decayVolume 223, number  2 PHYSICS LETTERS B 8 June 1989 

F( Bphy s ( t ) ~ f) -- F(l]phys (t)  ~ t') 
Af(t)  = F(Bphys ( t ) - - , f )  ~ ~  ~ - ~  (4)  

depends both on the mixing parameters  contained in eqs. (2)  and (3)  and on the dynamics embodied in the 
ratio of  decay ampli tudes 

A(g-~f) 
Pf=  A(B--,f)  " (5)  

For the B system, since the mass matrix dominates  over the decay matrix one expects that qM = 1 to a very 
good approximation.  The phase 0M -- which is convention dependent  - contains CP violating information.  In 
the quark phases convention we are using, eM is related to the phases entering in the usual quark box graphs for 
the B-l]  mass matrix. For the case of  three generations, after using the unitarity of  the CKM matrix,  the B mass 
matrix is dominated  by the t quark graph. Hence, for the Bq system (q = d, s), one has [ 3 ] 

V,% V,. 
~/Mexp (ieM) -- V~b V.q • (6)  

Thus, one sees that ¢m is directly related to the phases of  the Kobayash i -Maskawa matrix elements. This is also 
the case for pf, under the (reasonable)  assumption that the weak ampli tudes entering into this ratio are domi-  
nated by pure quark decay. In this case one has 

A (b--)qQ'q) VqbV~--q "" exp (i0D) (7)  
Pf=  A(6- - )~fq 'q )  - V ~ , b V q ,  q 

with q'  being a charge ~ quark (q '  =u ,  c).  
The rates, for B decay to charge conjugate states, with the above assumptions,  are simply 

F(Bohy, ( t ) -+f )  = e x p ( - I t )  ( 1 + c~fsin Amt),  F( t ]phy , ( t ) - , f )  = e x p ( - F t )  ( 1 - o#sin Amt) , (8)  

where 

a f  ---- - -  Im  pft/M exp (iOM) = - -  sin (OM "JI- e D  ) • ( 9 )  

Thus the asymmetry  A f i s  sensitive to the sum of  the mixing and decay phases OM +OD ,2. Hence, its measurement  
directly throws light on the phase structure of  the CKM matrix. Using the form of  the C K M  matrix now adopted 
by the Particle Data  Group [ 5 ] 

cl c3 sl s3 s3exp ( - i~) [ 
V= --SlC:--ClSzS3exp(iS) clc:--SlS2s3exp(ifi) s2c3 , (10) 

! 

sis2 -clc2s3exp(i~) --cls2 -s lc2s3exp(i~)  c2c3 

where ci= cos 05 si = sin 0g, and using the fact that  the mixing angles obey a hierarchy 0~ >> 02 >> 03 so that one 
can write 

S 1 = 2 ,  s 2 = A , ~  2, s 3 = A p 2 3  , ( 1 1 )  

with A, p of  O(  1 ) and 2 being essentially sin 0c, one sees that  only V.b=Ap23exp(--i~) and Ktd-~A). 3 [ 1 - p X  
exp (tO) ] = [ Vtd I exp ( - i¢) have a potentially non-negligible phase. Thus, depending on the decay, the parame-  
ter c~f measured through the asymmetry  Af  fixes one of the following combinat ions of  phases entering in the 
CK3vl matrix [ 4 ] 

~ It is not difficult to convince oneself that OM+ ~r~ is actually convention independent, although ~M and eD depend on the conventions 
used. 
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depends on
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CRITICAL RE ANALYS I S  O F  CP A S Y M M E T R I E S  IN B ° DECAYS TO CP E I G E N S T A T E S  

Benjamin G R I N S T E I N  1 
Fermi National Accelerator Laboratory, PO Box 500, Batavia, IL 60510, USA 

Received 21 July 1989 

The time integrated CP asymmetry in the decay of a neutral B meson to a CP eigenstate has been claimed to be free of uncer- 
tainties arising from hadronic matrix elements (modulo the mixing parameter Am/F). That is, it is a direct measure of KM 
angles. We scrutinize this claim, and question its generality. To this end we compute the effective hamiltonian for AB= 1, charm 
and up conserving processes, in the leading logarithmic approximation. Enhancement of hadronic matrix elements of"penguin" 
operators could easily invalidate the claim. 

1. Introduction 

A nonvanishing t ime- integrated asymmet ry  

F ( B  °-~ f) - F(B°- - , i  ") 
a= y(BO_~f) +F(i]o__,f ) ( 1 ) 

indicates a viola t ion of  CP invariance.  I f  the final state f is a CP eigenstate, f c P = +  f, the expression for the 
predic ted  asymmet ry  takes on a very s imple form [ l ]: 

a =  I + ( A M / F )  2 I m  pf (2)  

Here q and p are s tandard  nota t ion [2 ] for the I~ ° and B ° components ,  respectively, o f  the mostly CP even 
physical  state BL [ q/p  = ( 1 -- e) / ( 1 + e) ]. The mass difference per  width AM/Find ica tes  B°-B ° mixing, and has 
been measured [ 3 ] in two different  exper iments  to be ~ 65%. More interest ing is the remaining factor 

( f i l l  B°)  
pf= ( f lYf lBO)  . (3)  

It has been po in ted  out  [ 1 ] that  pf may  be independent  o fhad ron ic  matr ix  elements. I f  this is the case then pf is 
given simply in terms of  fundamenta l  mixing angles[ It is the purpose o f  this letter to study just  under  what  
condi t ions this conclusion is valid.  

2. CPT 

The impl ica t ions  from the CPT theorem are straightforward. For  the sake of  generali ty we consider  momen-  
tari ly the case where f is not  necessarily a CP eigenstate, f ¢  fce. It  is convenient  to define 

l Address after August 1989: Harvard University, Cambridge MA 02138, USA. 

280 0370-2693/89/$ 03.50 © Elsevier  Science Publ ishers  B.V. 
( N o r t h - H o l l a n d  Physics Publ ishing Div i s ion )  

If satisfies

and thenfCP = ±f

review:

H = H�B=1 +H�B=1†
(CP )H�B=1

(CP )

†
= exp(�i↵)H�B=1†

⇢f = ⌥ exp(i↵)

(Bigi+Sanda)
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Cabbibo allowed Bo decays [e.g. Bo--,WK~]: af- -s in  2~, 

Cabbibo allowed Bs decays [e.g. Bs-*W~) ]: off= 0, 

Cabbibo suppressed Ba decays [e.g. Bd-,x+~t - ]: a f =  s in(2~+ 2~), 

Cabbibo suppressed Bs decays [ e.g. Bs ~ K~x ° ]: a f  _~ sin 2ft. ( 12 ) 

Ideally, by measuring the various types of  CP asymmetries indicated in eq. (12) one could check directly the 
unitarity of  the CKM matrix, since the various asymmetries are correlated. However, one has to be aware that 
the results (12) only follow if one assumes that the amplitude ratio pf can be calculated entirely in term of quark 
decay amplitudes. In actual fact, pr also gets contributions from Penguin-like diagrams, so that eq. (12) is only 
approximately true. Because of the importance attached to testing the CKM matrix, it is imperative to evaluate 
the possible influence of Penguin effects to the predictions ofeq. (12). it is the purpose of this paper to provide 
such an analysis. 

Every quark decay amplitude of the type b--, q '  (t'q, with q ' ,  q being, respectively, charge ] and charge ] quarks 
of  the first two generations, has associated with it a corresponding Penguin amplitude as shown in fig. 1. This 
amplitude is of higher order in the strong coupling constant, but due to the virtual W loop it is logarithmically 
enhanced. Hence it may yield a potentially comparable contribution to that arising from the pure decay dia- 
grams. Furthermore, as has been emphasized long ago [6], the CKM pattern of  the Penguin graphs can be 
different than that of the decay graphs and in certain processes, these graphs may very well dominate. 

There are two distinct Penguin amplitudes we must consider involving, respectively, the virtual weak transi- 
tions of a b quark to an s or a d quark. Since the typical momentum transfer involved in the decay of the Bq 
meson is of  O(mb),  both the u and c contributions in fig. 1 will give rise, approximately, to the same kinematical 
contribution, proportional to ln(M~v/m~) ~3. Using the unitarity of  the CKM matrix, we can reexpress the 
mixing factors entering in these two graphs by those entering in the graph involving the t quark: 

Vub V*q + Vcb Vc*q = -- Vtb V~'q, (13) 

Hence the phase information associated with the Penguin graphs is simply that associated with the t quark loop 

Ap(b~qCfq '  ) ~ exp(iO) q=d ,  (14) 
~ I  q = s .  

In our conventions, the phase information associated with the Cabibbo allowed and Cabibbo suppressed quark 
decay amplitudes is also simple. One has 

A D (b --, q '  Cl' q ) ~ 1 q'  = c ( Cabibbo allowed ), ( 15 ) 

~ e x p ( - i ~ )  q'  = u  (Cabibbo suppressed). 

Using both (14) and (15) we see that, in general, the presence of the Penguin diagrams alters the phase infor- 

~3 Corrections to this formula have been studied by Simma [7] and are small. 

W 

bf q 

q' q' Fig. 1. Penguin graphs for b decays: q= {d, s}; q' = {d, s, u, c}. 
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Caveat:  H = ⇠C
tree

O
tree

+ ⇠0C
loop

O
loop

+ h.c.

Moral: Still need matrix elements
(if only to bound errors)

⇢f =
⇠

⇠⇤

✓
1 + 2iIm

✓
⇠0
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◆
hf |C

loop

O
loop

|Bi
hf |C

tree

O
tree

|Bi

◆

(BG, London+Peccei)
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Fig. 3 Contributions to dG [B ! K⇤`+`�(g)]/dq2 (in arbitrary units)
in the low q2 region for ` = e (red) and ` = µ (blue), before any cut
in mrec

B . The full line is the photon-inclusive rate; the dashed line is
the non-radiative FCNC rate; dotted and dash-dotted lines denote the
contribution to the photon inclusive rate from B ! K⇤+h(! `+`�g)
with (dash-dotted) and without (dots) interference with the soft radia-
tion from the FCNC frate.

uncertainties do not cancel completely in this region. We es-
timate the latter to induce a ±0.02 error (in agreement with
Ref. [51]).

As far as QED corrections are concerned, a specific as-
pect of the near-threshold region is the sensitivity to light-
hadron effects. Non-negligible extra contributions to the pho-
ton-inclusive rate are obtained by direct-emission amplitudes
of the type B ! K⇤P0 ! K⇤`+`�g , where P0 denotes an al-
most on-shell h or p0 state. The h-mediated contribution
turns out to be particularly sizeable given B(B ! K⇤h) ⇡
1.6⇥10�5 and B(h ! e+e�g)⇡ 0.7%.6 An illustration of
the impact of the latter is shown in Fig. 3.

Some comments on the light-hadron contribution are in
order:

i. This contribution is an irreducible part of the photon-
inclusive rate (which is the only well-defined physical
observable) and, as such, it must be included in the theo-
retical prediction of RK⇤ (in the relevant kinematical re-
gion).

6 In absence of a lower cut on q2 and mrec
B , the rate for B ! K⇤h !

K⇤e+e�g is about 30% of G (B ! K⇤e+e�; q2 < 0.1).

ii. The leading effect is necessarily a decrease of RK⇤ com-
pared to the non-radiative case (the radiative tails of elec-
tron and muon modes are both enhanced, but the effect
is smaller in the muon case given the proximity to the
phase-space border). The decrease of RK⇤ is further en-
hanced by the looser mrec

B cut on electron vs. muon modes.
iii. There is a non-negligible interference between the meson-

mediated amplitude and the soft-photon emission of the
genuine FCNC amplitude. This interference induces a
(theoretical) uncertainty in estimating this effect given
the unknown relative phases of the amplitudes. An addi-
tional source of uncertainty is provided by any other con-
tribution of the type B ! K⇤g + g⇤(! e+e�), for which
we do not have a reliable normalization.

iv. Above the threshold region also the meson-mediated am-
plitude becomes lepton universal (Fig. 3), and the uncer-
tainty of this contribution becomes negligible for q2 >
0.1 GeV2.

Taking into account the kinematical cuts mrec
B = 4.500 GeV

(for ` = e) and mrec
B = 5.150 GeV (for ` = µ), we estimate

the meson-mediated contribution to yield7

DQEDRK⇤ [0.045, 1.1]⇡�0.017 . (23)

Given the discussion above, we assign a conservative ±0.02
error to the whole QED corrections in this region. Our final
SM estimate is then

RK⇤ [0.045,1.1]SM = 0.906±0.020QED ±0.020FF

= 0.906±0.028th . (24)

It must be stressed that the (relatively) large theoretical un-
certainty in (24) is due to the definition of the bin, that starts
at the di-muon threshold. Setting the lower threshold to 0.1 GeV2

(a value that we advocate in view of future experimental
analyses) we find

RK⇤ [0.1,1.1]SM = 0.983±0.010QED ±0.010FF

= 0.983±0.014th . (25)

7The result in Eq. (23) holds under the assumption that any contri-
bution to the photon-inclusive electron rate with q2 < 0.045 GeV2 is
subtracted (or corrected for) on the experimental side, otherwise the
correction could be significantly larger.

2. Lepton Universality Violation

RK⇤ =
Br(B ! K⇤µµ)

Br(B ! K⇤ee)

for RK⇤ = 1 me = mµIn SM: 

Caveat: Actually me 6= mµ

Corrections: phase space →  near endpoint

Figure of merit
mµ �me

E``

Bordone et al 1605.07633

↵

⇡
ln2(mµ/me) ⇡ 7%Colinear/soft need re-summing

Caveat redux: Hadronic contributions important near endpoint
e.g., B ! K⇤⇡ ! K⇤e+e��

B ! K⇤(⇡, ⌘) ! K⇤`+`��

` = e

` = µ



Lesson #1: “Clean” observables require cleaning up after them



Precision: strategies II

Inclusive observables

If sufficiently inclusive, perturbation theory (unconfined quarks) can be used

(aka, quark-hadron duality –– a la Blook-Gilman, PQW)

1. Textbook example:

1962 E. C. POGGIO, H. R. QUINN, AND S. WEINBERG

sured region s &60 GeV' and to the low-s region
where we cannot reliably calculate, we present
results only for the range 8 &s &37 GeV'.
We have treated data and theory alike in the

low-s region, arbitrarily ignoring any contribu-
tion from s less than 4 GeV'. At the high energy
end the empirical curves displayed are calculated
assuming that the data will continue to be flat at
8= 5.25 from 60 GeV' to infinity. With our choice
of 6, the total contribution from this region is
about 5% at the highest-s points shown, and the
difference between the contribution assuming
R = 5.25 in that region and, for example, assuming
R =3.33 in the same region is about I/z.
Figure 5(a) shows the SPEAR data for R [ex

eluding the J (g} and p' resonances]. The solid
line represents a crude "eyeball" fit to the data
that produce the curve shown in Fig. 5(b) and are
labeled "data" on Figs. 6-18. We have tested the
sensitivity of this curve to changes in the eyeball
approximation. The only feature which changes
significantly is the appearance of the "second

step" in the region 22 & s &28 GeV'. It seems
impossible to eliminate this feature altogether
with a reasonable approximation to the data,
though it can be flattened or shifted somewhat
from the version shown. For example, the dotted
line on Fig. 5(a) produces the smeared curve shown
in Fig. 5(c}. With the published errors on the data
we feel that our crude treatment of it is reason-
able. We cannot definitely state whether the
second-step feature we find in our smeared curves
is real. If it is real, it is very interesting, for
we shall see that it indicates that these must be
some neu threshold in this region, either an ad-
ditional heavy lePton or a further quark. ' Any
improvement of the data in the region W =4.5 to
W=6 GeV would be helpful in testing this conclu-
sion. We have chosen to compare models to the
curve shown in Fig. 5(b). The parameters we
obtain, especially the mass of the heavy quark
or lepton are sensitive to the approximations we
have made, but our general conclusions are not.
The most severe problem in comparing models
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FIG. 5. (a) SPEAR data for R(s). The solid line represents the eyeball fit used in obtaining the curve R shown as
"data" in Figs. 6-18. The dashed line is an alternate fit included to indicate the possible variations in R due to our
crude fitting procedure. (b) R(s, 6) for 6=3 GeV generated using solid line in Fig. 5(a). (c) R(s, A) for 4=3 GeV
generated using dotted line in Fig. 5(a).

PQW, PRD13(1976)1958

SMEARING METHOD IN THE QUARK MODEL 1965
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FIG. 12. Model with five quark flavors, charge 3 for
additional quark, and nondegenerate fourth and fifth
flavors'

rameter provided it is less than about 0.5 GeV,
so we do not attach any significance to this num-
ber.
Figure 18 shows how our prediction changes as

we change the heavy-quark mass for the model of
Pig. 14. The effect is similar in any model. The
value of 6 used may be a little small in the re-
gion of s values sensitive to m, . With this in
mind, it appears that a mass of 1.66 GeV provides
a good fit to the data, whereas a mass as high as
1.8 GeV does not.
These remarks raise the question of the meaning

of this mass parameter. In our treatment the
mass parameter is most closely identified with
the threshold for production of particles containing
the new quarks. However, the model is smeared
in such a way that the distinction between contri-
butions from quark-antiquark bound states and
actual production of particles carrying new quan-
tum numbers is washed out. Hence we do not
feel that any specific meaning can be attached to
the precise value of the heavy-quark mass param-
eter that we use.

V. SUMMARY AND CONCLUSIONS

We have argued tha. t quark-gluon perturbation
theory can be used to predict suitably defined

FIG. 14. The model of Fig. 10 with an additional
heavy lepton, m& = 1.7 GeV.

averages of physical quantities. These averages
can be calculated without encountering the break-
down of perturbation theory associated with the
binding of quarks and gluons in physical color
singlet particles. In particular, for the process
e'e - hadrons we find that the smeared average
of the data

ds'R(s')
(s —s')'+b' (23)

can be calculated in perturbation theory for mod-
erate values of A.
Comparing with presently available data. we find

that SU(3) color gauge models with only four
flavors of quarks of mass less than 2.7 GeV are
not satisfactory, even when an additional heavy-
lepton contribution is included. Also ruled out
are models with a fifth quark flavor carrying
charge 3, unless that fifth flavor is essentially
degenerate with the fourth and the effective gauge
coupling is very small by s =9 GeV'. Preferred
models are those with four quark flavors and two
heavy leptons in the region 1.5&m~ &2.7 GeV,
and those with five or six flavors of quarks of
mass less than 2.7 GeV, charge —,

' for the addition-
al heavy quarks, and one heavy charged lepton.
The one common feature of the preferred models
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FIG. 13. The model of Fig. 9 with an additional heavy
lepton, m& =1.7 GeV.

FIG. 15. The model of Fig. 9 with an additional heavy
lepton, m, =2.0 GeV.

1964 E.— C. POGGIO, H. R. QUINN, AND S. WEINBERG
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FIG. 8. Model with four quark flavors and two heavy
1eptons of masses 1.7 and 2.5 GeV.

counting statement, that color SU(3) models with
four quark flavors cannot fit the high-s data, is
indeed warranted. Even with the unreasonably
large A' = 1.2 GeV' this model falls far short of
matching the data. Adding a single heavy lepton
helps considerably in the region of s below 24
GeV', as is shown in Fig. 7, but the model still
falls significantly below the smeared data curve
in the high-s region. Increasing A' to 1.2 in-
creases the value of R at s =37 GeV' by about
0.1, but it also makes the prediction significantly
too high in the region s& 20 GeV'. Varying the
lepton mass parameter up to values as high as
2.2 GeV does not produce a satisfactory fit.
We therefore conclude that eithe~ these is mo~e

than one heavy lePton" in the region 1.5 &m~ &3
GeV or that these is move than one qua~k threshold
in this region. Figure 8 shows a reasonable fit
to present data obtained assuming four quark
flavors and two heavy leptons with masses 1.7
and 2.5 GeV. Five quark flavors alone, choosing
& for the charge of the additional quark, do not
lead to a satisfactory fit, as is shown in Figs.
9 and 10. Figures 11 and 12 show five quark mod-
els with no additional leptons and a charge of —',
for the fifth quark flavor. If the four% and fifth
quarks are degenerate, this provides a possible

FIG. 10. Model with five quark flavors, charge 3 for
additional quark, and nondegenerate fourth and fifth
flavors.

fit to the data with a very small effective coupling
n(9) = 0.22.
A model with five quark flavors, charge —,

' for
the additional quark, and one heavy lepton gives a
reasonable fit. Figures 13-15 show various pa-
rameter choices in such models. With the present
state of the data we regard all these choices as
equally probable, though the parameters of Fig. 14
give the nicest fit. It will be very interesting to
see if this remains true with improved data. The
parameter choice of Fig. 15 is perhaps unattrac-
tive in the light of other experimental suggestions"
that there is a heavy lepton of mass about 1.7 GeV.
Finally in Figs. 16 and 17 we show the results

for a model with six quarks of mass less than 3
GeV, where both the fifth and sixth quark flavors
carry charge 3. The model including one heavy
lepton (Fig. 16) gives a satisfactory fit with small
effective coupling.
For easy reference we present in Table I the

parameters used for each of the curves presented
in Figs. 6-17. All calculations used charges
3 3 3 3 for the fir st four quark flavors, a mass
of 0.35 GeV for the light quarks, and 1.66 GeV
for the fourth quark mass. The curves are ef-
fectively insensitive to the light-quark mass pa-
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FIG. 9. Model with five quark flavors, charge 3 for
additional quark, and degenerate fourth and fifth flavors.

FIG. 11. Model with five quark flavors, charge 3 for
additional quark, and degenerate fourth and fifth flavors.

R =
�(e+e� ! all)

�(e+e� ! µ+µ�)

“fit by eye”



We understand why this works:

“Smearing” R̄(s,�) =
�

⇡

Z 1

0
ds0

R(s0)

(s0 � s)2 +�2

Dispersion relation ⇧(z) =
1

⇡

Z 1

0
ds

R(s)

z � s

) 2iR̄(s,�) = ⇧(s+ i�)�⇧(s� i�)

That the self-energy can be computed is understood from OPE
Z

d4x eiqx T (J(x)J(0)) =
X

q�nc
n

O
n

valid in the “Deep Euclidean” region
and O1 = 1 dominates

Caveats:
• Finite order  in perturbative coefficients (with RG re-sumation
• Integral over s goes to infinity
• “Deep Euclidean” is

but we take Δ large enough that it smears resonances
• Sub-leading operators

s± i� with � ! 1



Closer to home examples:
2. Inclusive semileptonic decays: �(B ! Xc`⌫)

• Rate proportional to |Vcb|2, used in CKM determination
• Dispersion relation, need >1 integrated kinematic variable:
• Moments of kinematic distributions: more inclusive
• Expansion in Λ/mb; corrections first at (Λ/mb )2

• Coefficients of OPE: perturbative in αs . Double expansion:

d�/dE`⌫

Chay, BG, Georgi, PLB247(1990)399
Bigi et al, PRL71(1993)496
Bigi et al, PLB323(1994)408 
Manohar+Wise, PRD49(1994)1310
Trott, PRD70(2004)073003
Bauer et al, PRD70(2004) 094017

� = �(0)
0 + ↵s

⇡ �(1)
0 +

�
↵s
⇡

�2
�(2)
0

+
⇣
�(0)
⇡ + ↵s

⇡ �(1)
⇡

⌘
µ2
⇡

m2
b
+

⇣
�(0)
G + ↵s

⇡ �(1)
G

⌘
µ2
G

m2
b

+ �(0)
D

⇢3
D

m3
b
+ �(0)

LS
⇢3
LS

m3
b
+ · · ·

µ2
⇡ = �hB|b̄(iD?)

2b|Bi
µ2
G = �hB|b̄(iDµ

?)(iD
⌫
?)�µ⌫b|Bi

Recent fits:

• Six parameters:
• Includes corrections:

• At order (mb)0: 
• At order (mb)-2: 

mb,c, µ2
⇡,G, ⇢

3
D,LS

↵2
s

↵s

Gambino+Schwanda, PRD89 (2014) 014022

Alberti et al, PRL114(2015)061802



3. Inclusive semileptonic decays: �(B ! Xu`⌫)

Problem: u hides under c (Vub ≪ Vcb)
Experimental Solution: kinematic region (phase space) inaccessible to charm
New problem: not sufficiently inclusive, non-perturbative effects: “shape function”

BLNP: Bosch, et al, PRD 72 (2005)073006 
DGE:  “dressed gluon exponentiation”  Andersen, 
Gardi, JHEP 0601 (2006)097
ADFR: Aglietti,  et al, Eur. Phys. J. C 59(2009)831 
GGOU:  Gambino,  et al, JHEP 0710 (2007)058



4. Total width

Lifetimes, ΔΓ, ...

• For B decay we cannot smear (integrate) over quark masses
• Neither can we compute for “deep euclidean” mass
• Maybe duality works if mass is large enough (large number of decay channels)?
• Test the idea by applying it to soluble model: QCD in 2-dims at large Nc (the ‘t Hooft model)

4 6 8 10 12 14
MQ

2

3

4

5

6

7
G

• Spikes from phase space at thresholds
• Constant difference between “exact”– perturbative: O(1/MQ)0

1/MQ rather than 1/MQ2 !!

to first two orders in an expansion in 1/mb and that to that order the result is identical to

the inclusive rate obtained using a heavy quark OPE as introduced in Ref. [6]. The equality

holds for the double differential decay rate if it is averaged over a large enough interval of

hadronic energies. The computation demonstrates explicitly quark-hadron duality in semi-

leptonic B-meson decays in the SV limit, but really sheds no light into the mechanism for

duality. In particular, it is puzzling that duality holds even if the rate is dominated by only

two channels.

More recently we attempted to verify duality in hadronic heavy meson decays. In Ref. [7]

we considered the width of a heavy meson in a soluble model that in many ways mimics

the dynamics of QCD, namely an SU(Nc) gauge theory in 1 + 1 dimensions in the large

Nc limit. This model, first studied by ’t Hooft[8], exhibits a rich spectrum with an infinite

tower of narrow resonances for each internal quantum number, making the study of duality

viable. We considered a ‘B-meson’ with a heavy quark Q and a light (anti-)quark q of

masses MQ and m, respectively, which decays via a weak interaction into light q̄q mesons.

To leading order in 1/Nc the decay rate is dominated by two body final states: if πj denote

the tower of q̄q-mesons, the total width is given by Γ(B) =
∑

Γ(B → πjπk), where the

sum extends over all pairing of mesons such that the sum of their masses does not exceed

the B mass, µj + µk < MB. The main result of that investigation was that there is rough

agreement between Γ(B) and the decay rate of a free heavy quark, Γ(Q). When considered as

functions of MQ the quark rate is smooth but the meson rate exhibits sharp peaks whenever

a threshold for production of a light pair opens up. This is due to the peculiar behavior

of phase space in 1 + 1 dimensions, which is inversely proportional to the momentum of

the final state mesons. Nevertheless, in between such peaks it was found that the relation

Γ(B) = Γ(Q)(1 + 0.14/MQ), in units of g2Nc/π = 1, holds fairly accurately.

Recently[9] we considered the effect of local averaging on the results of Ref. [7]. The main

result is that when averaged locally over the heavy mass MQ the agreement between Γ(B)

and Γ(Q) is parametrically improved. In fact, for the averaged widths we found

⟨Γ(B)⟩ ≈ ⟨Γ(Q)⟩
[

1 +
0.4

M2
Q

+
5.5

M3
Q

]

(3)

Remarkably, the correction of order 1/MQ has disappeared.

In this paper we demonstrate that when averaging over MQ the corrections of order 1/MQ

are absent. The argument we present is very general and applies both to the ’t Hooft model,

34 6 8 10 12 14
MQ1

2

3

4

5

6

7
G • In toy model: smear over mass

• Lorentzian-power smearing

• Justified by OPE provided n ≥ 2
• Corrections to OPE: order 1/MQ2

• I conclude: Cannot trust OPE for total width
unless asymptotically heavy quark

1
((x�MQ)2 + 1)n



Lesson #2: Expansions must be systematic (justified)

You may want to pull a rabbit out of the hat and ...



Corollary:

• Lattice
• Sum rules
• SCET, QCDfac, pQCD
• Quark model
• AdS/QCD
• ...

Should not use 

on the same footing



Precision: strategies III

Complementarity

Combine methods: Fill gaps in one methods and another

hD(p0)|V µ|B(p)i = f+(p+p0)µ+(f0 � f+)
m2

B�m2
D

q2 qµ, q = p�p0, f = f(q2)

1. Lattice + z-expansion + data, exclusive semileptonic decays, B ! D`⌫

form factors:

rate: d�

dw
=

G2
Fm

5
B

48⇡3
|Vcb|2(mB +mD)2m3

D(
p

w2 � 1)3(⌘ewG(w))2

z-expansion:

BGL: Boyd et al, PLB353 (1995) 306;
Nuovo Cim. A109 (1996) 863;
NPB 461 (1996) 493;
PRD56 (1997) 6895-6911
CLN: Caprini et al, PLB380 (1996) 376;
NPB530 (1998) 153
FNAL/MILC: PRD89 (2014) 114504

f(w) = P(z)
1X

n=0

anz
n,

1X

n=0

a2n  1, z =

p
w + 1�

p
2

p
w + 1 +

p
2

•  Ingredients: Analyticity, crossing symmetry, unitarity
• P(z): computable (Blaschke, QCD)
• Physical region: 0 ≤ z  ≤ 0.056
• Not just a “parametrization”: n  ≥ 2 terms give no more than 1% 

Examples:



⇒ ⇒

⇒

Story in pictures:

z = 0Complementarity!

HPQCD, PRD92 (2015) 054510

MILC, PRD92 (2015) 034506

eg, MILC uses BGL for fit, else no control of theoretical errors.

Caveat:
As good as the worst.



2. CP asymmetries in mixing/decay: Penguin pollution revisited

A(π+π0) = A(π−π0)
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+Aππ cos∆mt)
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+Aππ cos∆mt)

Sππ =
√

1 −A2
ππ sin 2φ
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2 , where φ

eff
2 = (φ2 + κ) is not φ2

Isospin analysis [Gronau-London PRL65,3381(1990)]

Relations with B+ → π+π0 and B0 → π0π0

(same for B→ ρρ after resolving polarization)

Isospin breaking effects are small (∼ 2◦)

[EW penguins, mu ! md, π − η(′) mixing]

Time-dependent Dalitz analysis [Snyder-Quinn PRD48,2139(1993)]

B0 → π+π−π0 contains ρ+π−, ρ−π+, ρ0π0 and their interferences

φ2/α directly determined, ρ±π0 and ρ0π+ for further improvementC
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• Isospin analysis combines methods:  
• Relations with B → π+π0 and B0 → π0π0 
(same for B → ρρ after resolving polarization)

• Isospin breaking effects are small 

Gronau-London PRL65,3381(1990) 

Snyder-Quinn PRD48,2139(1993)

• Time-dependent Dalitz analysis 
• B0 → π+π−π0 contains ρ+π−, ρ−π+, ρ0π0 and 

cross terms (interference)
• α/φ2 directly determined, ρ±π0 and ρ0π±  may 

improve  further (future)

Alternative



Charles et al, arXiv:1705.02981
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Figure 43: Measurements of the B ! ⇡⇡ CP asymmetries from BaBar (blue curve) and Belle
(red curve). When available, other experimental contributions are shown: LHCb (orange), CDF
(purple) and CLEO (black). The green shaded area represents the world average.

shown in Fig. 46. The corresponding 68% CL intervals are:

↵

⇡⇡

(BaBar) : (77.1+32.1
�6.6 )

� [ (135.0± 19.0)� [ (169.3+40.3
�8.4 )

�
, (112)

(Belle) : (134.8± 53.8)� , (113)

↵

⇢⇢

(BaBar) : (92.5+6.3
�6.5)

� [ (177.6+6.6
�6.3)

�
, (114)

(Belle) : (93.7+9.9
�9.8)

� [ (176.3+9.8
�9.9)

�
. (115)

A.2 B ! ⇢⇡ analysis

Both B-factories have performed a full Dalitz analysis of the B

0 ! ⇡

+

⇡

�
⇡

0 decay using
the same U and I observables. The measurements of the Q2B- and interference-related
coe�cients are summarised in Fig. 48 and Fig. 47, respectively. A good agreement between
the two experiments is observed. The correlated average gives �2

/n

dof

= 18.1/26.
The individual determinations of ↵

⇢⇡

based on BaBar and Belle data separately are
shown in Fig. 49 (left panel). The corresponding 68% intervals are:

↵

⇢⇡

(BaBar) : (55.3+4.7
�5.8)

� [ (128.9+9.5
�7.1)

�
, (116)

(Belle) : (82.3+5.2
�5.7)

� [ (115.7+9.8
�8.0)

� [ (170.5+8.3
�11.2)

�
. (117)

The B0 ! ⇡

+

⇡

�
⇡

0 data from Belle and BaBar are consistent with the indirect determina-
tion ↵

ind

at the level of 1.3 and 2.6 standard deviations, respectively. Being the projection
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Figure 45: Measurements of the B ! ⇢⇢ CP asymmetries from BaBar (blue area) and Belle
(red area). The LHCb contribution to the B ! ⇢0⇢0 branching fraction is indicated by the orange
area. The green shaded area represents the world average.
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Figure 46: Constraint on ↵ from the isospin analysis of the B ! ⇡⇡ (left) and B ! ⇢⇢
system (right) using BaBar data (blue curve) and Belle data (red curve). The green shaded area
represents the determination based on the world average for these observables. The interval with
a dot indicates the indirect determination introduced in Eq. (2).
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Figure 47: Experimental measurements of the interference-related U and I parameters from
BaBar (blue area) and Belle (red area). The green shaded area represents the world average.

A.3 Combined analysis

The combined constraints on ↵ using BaBar and Belle data separately are shown in
Fig. 50. The corresponding 68% CL intervals are:

↵

dir

(BaBar) : (86.6+5.9
�8.3)

� [ (174.8+3.6
�3.8)

�
, (118)

(Belle) : (172.7+6.5
�6.1)

�
. (119)

The agreement with the indirect ↵
ind

determination is 0.9� and 1.5� for BaBar and Belle
data, respectively. One can also notice that BaBar and Belle data do not favour the same
peak around 0� or 90�, even though both intervals in ↵ are acceptable at 95% CL.
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Anomalies I
Is there NP in Inclusive vs Exclusive semileptonic B decays?

|Vcb| = (39.18± 0.99)⇥ 10�3 (B̄ ! D`⌫)

|Vcb| = (38.71± 0.75)⇥ 10�3 (B̄ ! D⇤`⌫)

|Vcb| = (42.19± 0.78)⇥ 10�3 (B̄ ! Xc`⌫, kinetic scheme)

|Vcb| = (41.98± 0.45)⇥ 10�3 (B̄ ! Xc`⌫, 1S scheme)

Gambino@ Beauty 2016

•  Longstanding tension in exclusive vs inclusive determination

• CLN used for exclusives 
• CLN: ΛQCD/mQ in relations between form factors ⇒ uncertainties in |Vcb| underestimated
• CLN not a good fit to data in B → D l ν
• Can NP  accomodate? 

• No             Crivellin-Pokorski, PRL114(2015)011802 
• Maybe       Colangelo-De Fazio, PRD95(2017)011701

• not in SV limit, for any EFT operators         Voloshin+Shifman, SJNP47('88)511; BGM, PRD54('96)2081; BG unpub

• Is tension from CLN? (Precision!)

Bernlochner et al,  1703.05330
 Bigi+Gambino, PRD 94(2016)094008

|Vcb|incl = |Vcb|(1 + 1
2✏

2)

|Vcb|D⇤ = |Vcb|(1 + ✏)

|Vcb|D = |Vcb|(1� ✏)

example: RH currents
with strength ϵ 



• New Belle analysis released
• Unfolded data, full correlation matrix
• Large dataset, energy and angular distributions
• CLN:  |Vcb| = (37.4 ± 1.3)×10–3

• Two independent analyses using BGL: 
• Very consistent fits:

•  Robust: different numerical inputs

  Abdesselam et al, (Belle) 1702.01521

|Vcb| = (41.7 +2.0
�2.1)⇥ 10�3

|Vcb| = (41.9 +2.0
�1.9)⇥ 10�3

Bigi et al, PLB769 (2017) 441-445

BG+Kobach, PLB771 (2017) 359-364
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Notes:
Fitted coefficients in ff expansion far from unitary bounds

Use ηew = 1.0066           Sirlin, NPB196(1982)83

𝓕(1) = 0.906 ± 0.013    FNAL/MILC PRD89(2014)114504

20 year tension no more



Anomalies I.5
Is there NP in Inclusive vs Exclusive non-charm semileptonic B decays?

Gambino@ Beauty 2016

Again:

My guess: Systematics in |Vub| from inclusive determination badly underestimated

I already explained why



Anomalies II
Is there NP in B decays to 𝜏?

Excesses observed at more than 4𝜎

R(D)
0.2 0.3 0.4 0.5 0.6

R
(D

*)

0.2

0.25

0.3

0.35

0.4

0.45

0.5
BaBar, PRL109,101802(2012)
Belle, PRD92,072014(2015)
LHCb, PRL115,111803(2015)
Belle, arXiv:1603.06711

) = 67%2χHFAG Average, P(
SM prediction

 = 1.02χ∆

R(D), PRD92,054510(2015)
R(D*), PRD85,094025(2012)

HFAG
Prel. Winter 2016

RD(⇤) =
Br(B ! D(⇤)⌧⌫)

Br(B ! D(⇤)`⌫)

“           anomaly”RD(⇤)

Bernlochner et al, 1703.05330
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with QCDSR without QCDSR New: analysis of theory uncertainty



NP? Compete with SM-tree level! 
Use EFT to characterize any model with heavy mediators:

Le↵ = �4GFVcbp
2

"⇣
1 + ✏L

⌘
⌧̄ �µPL⌫⌧ · c̄�µPLb+ ✏R⌧̄ �µPL⌫⌧ · c̄�µPRb

+ ✏T ⌧̄�µ⌫PL⌫⌧ · c̄�µ⌫PLb+ ✏SL ⌧̄PL⌫⌧ · c̄PLb+ ✏SR ⌧̄PL⌫⌧ · c̄PRb

#
+ h.c.

Narrow it down:

1. SM-EFT: no  ϵR

2. Bc width: no

Vector-current chirally suppressed by (m𝜏/mb)2 
(as in 𝜋→𝜇𝜈) relative to scalar operator

Pseudoscalar needed for           anomaly
overwhelms total width

3. Angular distribution: constrains ϵT

✏P = ✏SR � ✏SL

Q(1)
lequ =(¯̀eR)(qLuR) + h.c. Q(3)

lequ =(¯̀�µ⌫eR)(qL�
µ⌫uR) + h.c.

Q(3)
`q =(q~⌧�µqL) · (¯̀~⌧�µ`L) Q`edq =(¯̀LeR)(dRq)+h.c.

Le↵,NP =
1

⇤2

⇣
C(1)

leuQ
(1)
lequ + C(3)

leuQ
(3)
leu + C(3)

`q Q(3)
`q + C`eduQ`edq

⌘

RD(⇤)

Alonso et al, PRL118 (2017) no.8, 081802

To me: this suggests ϵL, i.e., V–A



Anomalies II.5
Is there NP in B decay to 𝜏𝜈?

A Challenge to Lepton Universality in B Meson Decays — 5/10

BABAR (ST)

BABAR (HT)

Belle (ST)

Belle (HT)

LHCb

]-4) [10τν
-τ →-(BB

0 1 2 3
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)*R(D
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Figure 4. Comparison of measurements with SM predictions: The branching fraction B(B� ! t

�
n

t

) (left), the ratios RD
(center), and RD⇤ (right) by BABAR [31, 32, 28], Belle [29, 30, 34, 35], and LHCb [36]. The data points indicate statistical and total
uncertainties. ST and HT refer to the measurements with semileptonic and hadronic tags, respectively. The average values of the
measurements and their combined uncertainties, obtained by the Heavy Flavor Averaging Group [33, 37], are shown in red as vertical
lines and bands, and the expectations from the SM calculations [16, 19, 20] are shown in blue.
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Figure 5. Extraction of the ratios RD and RD⇤ by maximum likelihood fits: Comparison of the projections of the measured m2
miss

and E⇤
` distibutions (data points) and the fitted distributions of signal and background contributions for the BABAR fit [28] to the D`

samples (a-c) and D⇤` samples (d-f), as well the LHCb fit [36] to the D⇤+` sample (g-i). The D` samples in (a-c) show sizable
contributions from B0 ! D⇤+`�n` and B0 ! D⇤+

t

�
n

t

decays, where the low energy pion or photon originating from a D⇤ ! Dp or
D⇤ ! Dg transition was undetected. The BABAR data exclude q2 < 4 GeV2, where the contributions from signal decays is very small.
The E⇤

` distributions in (c) and (f) are signal enhanced by the restriction m2
miss > 1GeV2. The LHCb results are presented for two

different q2 intervals, the lowest, which is free of B0 ! D⇤+
t

�
n

t

decays (g), and the highest where this contribution is large (h,i).

the signal events with three neutrinos extend to about 10 GeV2.
For B ! D`�n` decays, there is a sizable contribution from
B ! D⇤`�n` decays, for which the pion or photon from the
D⇤ ! Dp or D⇤ ! Dg decay was not reconstructed. For LHCb,
the peak at zero is somewhat broader and has a long tail into

the signal region (Figure 5 h) because of the sizable uncertainty
in the estimation of the Bsig momentum. The E⇤

` distributions
(Figure 5 c,f,i) provide additional discrimination, since a lepton
from a normalization decay has a higher average momentum than
a lepton originating from secondary t

� ! `�n

t

n` decay in a

Since WIN 2015, new Belle measurements have made significance go away.

Plot from Ciezarek,et al, Nature 546 (2017) 227-233



... which is really interesting! because:

not only effects of (putative) NP differentiate tau’s from electrons and muons

it differentiates between charm and up

And in both cases in the direction of amplifying effects for heavier fermions.

If so:

• The NP is tied to flavor!! 
• Amplification ~ mass?

Smells like MFV+MLFV
(Minimal Flavor Violation + Minimal Lepton Flavor Violation)

• Scale of NP cannot be arbitrarily high; naively:

1

⇤2
& 0.4⇥ |Vcb|

v2
) ⇤ . 2 TeV



Anomalies III
Is there NP in B decays to K(*)𝜇+𝜇–?

RK⇤ =
Br(B ! K⇤µµ)

Br(B ! K⇤ee)

RK =
Br(B ! Kµµ)

Br(B ! Kee)

����
[1,6]

 LHCb PRL113(2014)151601hRKi[1,6] = 0.745+0.090
�0.074(stat)± 0.036(syst)
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CMS and LHCb (LHC run I) arXiv: 1411.4413

BSM

sµ = 3.65(23)⇥ 10�9

Bexpt

sµ = 2.9(7)⇥ 10�9

Bobeth et al, PRL112(2014)101801

hRK⇤i[0.045,1.1] = 0.660+0.110
�0.070(stat)± 0.024(syst)

hRK⇤i[1.1,6] = 0.685+0.113
�0.069(stat)± 0.047(syst)
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GF Vtb V

⇤
ts mb C7 O7, O7 = s̄L�µ⌫bR Fµ⌫

+GF Vtb V
⇤
ts

↵

4⇡
C9(10) O9(10), O9(10) = s̄L�

µbL ¯̀�µ(�5)`

NP:

SM:

C9(10) ! C9(10) + �C9(10)

Alonso, et al, PRL113(2014)241802SM-EFT plus constraints from                          no scalar or tensor operators

Left with vector operators:                                               ; additionally

Bs ! µµ )

(Reference: in SM C9 ⇡ �C10 ⇡ 4.5)

+GF Vtb V
⇤
ts

↵

4⇡
C 0

9(10) O
0
9(10), O0

9(10) = s̄R�
µbR ¯̀�µ(�5)`

• These are 𝛿Ci  = CiNP

• Arrows: increasing 𝛿C

• Dots: intervals of  Ỏ(𝛿C) = 0.5

• Central Value (RK, RK*) on blue line

• Not C′9, C′10 ,  i.e., not V+A 

• As with tau anomalies: V–A !! 



Capdevila, et al, 1704.05340
Altmannshofer, et al, 1704.05435
D'Amico, et al, 1704.05438
Hiller, et al, 1704.05444
Ciuchini, et al, 1704.05447
Celis, et al, 1704.05672
Li-Sheng Geng, et al, 1704.05446

Fit to (RK, RK*)

Fit to (RK, RK*) plus
Bs ! µµ

Dirty observables, mostly from angular distribution in                       (e.g., P′5), had already
suggested 𝛿C9  ≈ –1. So combine all b → s observables: 

B ! K⇤µµ

The shape of NP:
An attractive scenario

�C9 = ��C10 = �0.5



My next slide is  very busy

But it is the last

and not as bad as 

this



NP Models?
Large and growing literature. Approaches for b → s anomalies:

• Long distance, lighter than EW          Sala+Straub, 1704.06188; Bishara et al, 1705.03465

•  Non-decoupling, EW scale
• SM-EFT analysis does not necessarily apply
• Loop mediators                              Arnan et al, 1608.07832; Gripaios et al, JHEP1606(2016)083;  Kamenik et al, 1704.06005

• Composites, partial composites     e.g., Gripaios et al, JHEP1505(2015)006

• Short distance (most popular)              unapologetic avoidance of references

• Z′:
• LUV: couple  (typically)  to L𝜇 − L𝜏, strength g𝜇𝜇

• FCNC: non-diag coupling to     , strength gbs; Bs-mixing ⇒ gbs/MZ′ < 5 ×10–3 TeV–1

• B-anomalies: g𝜇𝜇/MZ′  > 1/(3.7 TeV), or MZ′ <13 TeV for g𝜇𝜇 < √(4𝜋)
• Need to address LFV (e.g., 𝜇→e𝛾) and other quark FCNC

• Leptoquarks
• Scalars: no SU(3)c-triplet, SU(2)w-singlet (Y = 7/6, 1/6, −1/3,−4/3) works

(either                                                  )
• Scalars: Unique SU(2)w-triplet (SU(3)c-triplet), Y = −1/3, gives right pattern
• Vectors: SU(3)c-triplets, SU(2)w-singlets with Y = 5/6, −1/6,−5/3, don’t work either
• Vectors: both SU(2)w singlet and triplet (color triplets) with Y = 2/3 give right pattern

• Some short distance models address also tau anomalies

s̄b

�C9 = +�C10 or give C 0
9(10)

Is quark and lepton flavor fundamental to the NP? 
★ No, small numbers look fine tuned just as in CKM model
★ Yes, this is a window to flavodynamics, e.g., gauged flavor Crivellin et al,  PRD91(2015)075006



The End

No need for conclusions


